Abstract-In many applications, information is naturally represented as networks of interlinked agents. Any communication has its costs and, therefore, the research of best and fastest ways to exchange information is an important field in applied mathematics. Graph theory, economic networks and, more precisely in this article, the study of paths on ordered edges in critical networks can by very fruitful in such modeling problems. In this article we will consider the Gossips and Telephones problem to illustrate such methods in Information Networks modeling.
I. INTRODUCTION
The Gossip and Telephones problem is due to A. Boyd and can be formulated as follows: n agents at the same time learned n different news, and each one of them has learned exactly one news. They begin to call each other to exchange the news. During one call all the news known to callers can be transferred between two respondents. It is impossible to make more than one call at a time. What is the minimal number of phone calls needed so that everyone can know all the news? This problem was solved for the first time and in different way by Brenda Baker and Robert Shostak [1] . In this article we present another solution of this problem based on study of paths on ordered edges in critical graphs.
To start with this problem let us formulate it in mathematical terms of graph theory. The agents will be represented by n vertices of the graph and the calls between agents will be represented by the edges connecting the corresponding vertices. According to the problem, all calls can be numbered in chronological order, we will keep this order in the graph. Let us suppose that during the calls the agents have exchanged all the news. In this case, the news of an agent will be known to another only if the corresponding oriented pair of vertices is connected by a path, in which numbers of edges form an increasing sequence. The condition of the problem is satisfied if such a path connects each oriented pair of vertices in the graph. In more formal language of graph theory all of the above can be wrote as follows:
Let G a finite connected graph without loops with a given numeration of its edges 
, the numbers of edges in which form a decreasing sequence. Let us call a graph correct, or a c-graph if there is a correct numbering of its edges.
We are interested in the minimum number of calls-edges m for a given number of agents   2  n . Therefore, the solution of the problem comes down to the finding of the function   n m . We plan to prove the following theorem:
Theorem.
II. PRELIMINARY RESULTS Before we can look for the best solution, it is necessary to prove that the solution exists. To prove this we will use the mathematical induction proof technique:
the set of c-graphs is not empty. 
Obviously, obtained numeration
correct, thus, the set of c-graphs of size 1  k is not empty. The lemma is proved. 
So we found a way to transfer all of the news making
). Now we have to prove that this solution is the best in terms of number of calls. To this end we will need the following well-known result:
Lemma 3. Number of edges in G of size n consisting of p connected components is:
III. PARTICULAR CASES
Let us consider the case
Let us consider a connected c-graph G (each pair of vertices is connected by a path). Therefore
). The c-graph G is a tree (each pair of vertices is connected only by a unique path). Increasing paths in both directions pass through the same edges. This is possible only when the path consists of only one edge (its length is 1). Each pair of vertices is connected by an edge,
). This is contrary to the initial hypothesis. Note that the first result is quite obvious, as the two friends must have at least one call to share the news. To prove the other two results, we have used graph theory.
IV. KEY LEMMAS
If we assume that the equality     2
, the Theorem will be proved. Thus, on the contrary, we are interested by the critical value of the parameter c n , such that for the first time from
We call c G the critical mc-graph of size c n . Let the number of incident edges of the vertex
Let us now prove the following property of such graph:
Lemma 4. In the critical mc-graph c G there is no cyclic ascending path (Fig. 2) .
In the case then the number   Lemma is proved. Corollary 4.1.
1) In critical graph, if an edge
has a maximal number between all edges incident to the vertex v than it also has the maximal number between all the edges incident to v ; 2) In critical graph, if an edge
has a minimal number between all edges incident to the vertex v than it also has the minimal number between all the edges incident to v . It suffices to prove that in critical graph, if an edge
, has a maximal number between all edges incident to the vertex v than it also has the maximal number between all the edges incident to v (the case of the minimal number is proved by analogy). Ad absurdum, let us consider an edge 
. In the other case, there exist the cyclic ascending path
. In both cases we have a contradiction with the Lemma 4.
We denote by   G Ẽ the set of all edges in a c-graph G such that these edges have nor the minimal nor the maximal number between all the edges incident to any of the two vertices these edges are incident to. v and 2 v are the vertices incident to the edge e (Fig. 3) . If the edge e in both paths Bumby [2] , [3] . Label-connected graphs and information propagation on graphs is discussed in [4] - [6] . Communication problem for graphs and digraphs is described in [7] . Research of minimal time and further gossip problems are studied in [8] - [10] . More information on economic networks and graph modeling for agent networks can be found in the lecture notes by Konig and Battiston in [11] .
